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What is an Inverse Problem?
» Formulation of an inverse problem
y=AX)+e

where A represents a forward operator and € is the observation noise. We want
to infer a quantity x from indirect observations y.

Examples: Computed Tomography

A(x) = Ax is Linear.
Many research papers

Examples: Electrical Impedance Tomography

ExZ Voo

A(x) = A(x) is nonlinear.
A few research papers!
(This talk)
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Computational Challenges

> ill-posed
» large-scale nature
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Computational Challenges

> ill-posed
» large-scale nature

» lack of relevant training data

This may be irrelevant in
settings with lots of training data

but is critical in more limited-
data settings
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Al-driven methods for Inverse Problems

Fully data-driven methods: train an input-to-solution DNN

» fast inference: fewer layers than classic optimization iterations
» slow training: too many parameters

» Inaccurate solutions: poor generalization

Model-based methods: modify classical optimization algorithms

» deep unrolling networks (DuNets), a.k.a algorithm unrolling (this talk)
» Plug-and-play

» Deep equilibrium or fixed-point network

>-l-
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Deep unrolling networks (DuNets)

> DuNets consists of two steps
(1) Pick a classic iterative optimization algorithm and unroll it to an DNN
(2) Select a set of DNN parameters to learn

» Example: assume y = Ax + noi'se; recover x by minimizing
arg minz lAx — blI5 + AR (x)

x'ex
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Deep unrolling networks (DuNets)

> DuNets consists of two steps
(1) Pick a classic iterative optimization algorithm and unroll it to an DNN
(2) Select a set of DNN parameters to learn

» Example: assume y = Ax + noi'se; recover x by minimizing
arg minz lAx — blI5 + AR (x)

x'ex

» Proximal gradient descent (PGD):
x¢ = Par(xe—1 — AT (Ax,—q — ),
where®,«(-) is the proximal operator:

Pz (x) = arg min% lx" — xlI% + AR(x").
x'ex
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Learned Proximal gradient descent (LPGD)

> Introduce W, = aAT and W, = 1 — aAT 4, rewrite PGD as
xe = Par(Wexe—1 + Wey).

> LearnedPGD: replace P,¢ with learned network Wy,
Xt = Lpet(tht—l + Vl/ey), fOI’ t= 1, . T,
which resembles a DNN

Wey , ; Wey ,
xo =¥ W, A’é‘)_"pel—:"h“‘xrq_i" W A’é‘)_'q’eT_:" Xy =X
I Layer 1 ' Layer T
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The idea was successfully applied to other algorithms and many
applications:

» Iterative Shrinkage and Thresholding Algorithm (ISTA)
Signal processing: [Gregor and LeCun, 2010]
Super-resolution: [Wang et al., 2015]
computed tomography: [Jin et al., 2017]

» Alternating direction method of multipliers-ADMM
Rain removal: [Ding et al., 2018]

Medical resonance imaging: [Yang et al., 2019]

» Primal dual hybrid gradient-PDHG
Computed tomography: [Adler-Oktem, 2018]

» Proximal interior point
Image deblurring: [Bertocchi, 2020]

» Proximal gradient descent-PGD
Medical resonance imaging: [Hosseini et al., 2019]
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Computational challenges

» In a nonlinear setting, most DuNets methods only use the current
gradient, overlooking a significant amount of historical gradient data

. .0 Ax . L 0A(x)
linear: =A noninear:
0x¢ Xt

» How to use the historical gradient data more effectively?

» A possible answer: The momentum acceleration strategy
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Momentum

» Gradient Descent

Xe+1 = X — Ag¢

Gradient descent

Gradient descent with momentum

» Gradient Descent with Momentum

Viy1 = v+ g¢
Xt+1 = Xt — QVt4q

Momentum update

momentum
step
actual step

gradient
step

» Gradient descent is primarily sensitive to the choice of learning rate

» Momentum can dampen oscillations in directions of high curvature,
potentially leading to faster convergence in practice for some problems

» Momentum may navigate more efficiently through poorly conditioned or

non-convex landscapes
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Unroll momentum

» Unroll the velocity update step v;,, = fv; + g, we have
v1 = Bvy+ go = Yo
v, =B +g1 =BG+ o1

— 't t—i
Vtr1 = Di=oB" ' Gi
Then, we unroll the x;,; = x; — av;, we have

1 — :Bk+1 i
xt+1—x0+az( )gi
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Unroll momentum

» Unroll the velocity update step v;,., = Bv: + g;, we have
v =BV + go = Yo
v, =Bvy + 91 =B%go + B

— \t t—i
Ve = Di=oB ' Gi
Then, we unroll the x;,; = x; — av;, we have

k

1_,8k+1_i
xt+1=x0+az( 1-3 )gi

i=0
» Many optimization algorithms can be written in this unrolled form.
X =X a)i—oVi g;- Gradient descent(y;" = 1), Conjugate gradient, AdaMax
(1) X1 = X0 + a Xfg v gi: Gradientd (vl = 1), Conj dient, AdaM
(2) Xpyq = x¢ + aZ{-‘zo Fikgl-: AdaGrad, Adam

» Could one perhaps choose the « and g intelligently and adaptively?
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Recurrent Momentum Acceleration via deep RNN

» A more flexible scheme that uses the recurrent neural networks (RNN)
to learn the velocity term

[ (D) xepq =29+ QZ?:O vig: (2) xp41 = %0 + A 2o [ g ]

%

[ Xey1 = X9 + RNN(go, 91, > 9t) ]

g’tjzf
ﬁ»
Deep RNN
L
I | I
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Recurrent Momentum Acceleration via deep RNN

» A more flexible scheme that uses the recurrent neural networks (RNN)
to learn the velocity term

[ (D) xepq =29+ QZ?:O vig: (2) xp41 = %0 + A 2o [ g ]

%

[ Xey1 = Xo + 29(90, 91,75 9t) ]

c, L el ."AL CL (&
0 o 1€l 2:Ca 1 Ct
——>» LSTM ——>» LSTM ———»+++—> LSTM

A
Tzﬁl A T Il 1 U 1-1 3l 1
(2t hi,ct) = LSTM!(z{ Y, hi_y, ¢t_q)
] ] ]
% 2 2t
G0, om0, eI 2, L, Pl gy
T ) A A
G0 0 A
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Recurrent Momentum Acceleration via deep RNN

» A more flexible scheme that uses the recurrent neural networks (RNN)
to learn the velocity term

[ (D) xepq =29+ aZz on gi (2) xp41 = %0 + A 2o [ g ]

%

[ Xey1 = Xo + 29(90, 91,75 9t) ]

L

N N _— 1 1
Lo L1 Loz Loz T SN N NN SN Ct = tanh(thht_l + W CZC + bC)
hi,eq his e hyyey hisey L S tann)—u\x hy
——> LSTM ———> LSTM ——»+++——>» LSTM \T/ N _/ .
] i _ ! 1
TZL 1 A;L 1 fl.—l ,(;\)_E_‘ f ft - J(thht—l + Wth + bx)
0 1 . . 1
.. 3 / ie = o(Wnihty + Woizt™" + by)
4 4 g - o; = o(Wp,ht +Wz 14+p
TZLI' Bl e -(\a/)—v‘\_x_/ t ( ho'*t—1 go“t o)
hi, e hi,el hi,ch h ¢l
Ul LsTM — > LSTM s o ve > LSTM mall L ye e =fi Qcrq+ir ® &
S A
+ A A — ht = 0oy @ tanh(c;) = z;
Jo N G 2 o1
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LPGD-MA/RMA methods
» Problem arg min D(A(x;),y) + AR(x)

» Proximal gradient descent (PGD)

Xt = Par(Xe—1 — At 9t-1)
» LearnedPGD
Xt = lpgt(xt_l, gt—l)' fOI’ t = 1, . T.

» Apply RMAto LPGD

Algorithm 3 LPGD-MA Algorithm 4 LPGD-RMA algorithm
Input: g € X, v9 =0 Input: 29 € X, hg =0,c0 =0
Output: zp Output: zp

I: fort=1,...,7T do Ldort= ls:spl U6

2. gt-1=Va, D(A(@e-1),9y) 2. gti-1= Ve, D(A(z1-1),9)

3: Vg = YU—1 — NGi—1 3: (ve, heycs) = Zg(gs—1, he—1,¢6-1)
4: xr = Vo, (x1—1,0¢) 4: & = U (dy—1,05)

5: end for 5: end for
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LPGD-MA/RMA methods
» Problem arg min D(A(x;),y) + AR(x)

» Proximal gradient descent (PGD)
Xe = Pap(Xe-1 — @t 9e-1)
» LearnedPGD
Xt = lpgt(xt_l, gt—l)' fOI’ t = 1, . T.

» Apply RMAto LPGD and LPSDSW(6; = 6, for t=1,....,T)

LPGDSW-MA, LPGDSW-RMA
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LPD-MA/RMA methods

» Hybrid gradient primal-dual method
Uty1 = proxmﬂ*(ut + O'C'q(ft))

Xt+1 = prOXTfR(xt - T[adq(xt)]*(ut+1))

Xep1 = Xpg1 T V(41 — X¢)

» Learned primal-dual (LPD), fort =1, ...,T:

U = Fggl(ut—bcﬂ(xt—ﬂ;)’)

Xt = Agf (xt—p [adq(xt—l)]*(ut))
> Apply RMAto LPD

Algorithm 5 LPD-MA algorithm Algorithm 6 LPD-RMA algorithm

Input: zy € XNerimal g4y € Y Naual Input: xy € XNerimat 4y € YNawal hy =0,¢co =0
Output: ;r,(;) Output: J(Tl)

I: fort=1, ivuy T do I fort=1,...,7 do

2: up = Lga (111,1..4(1752_)1), y) 2: up = L (u,_l.A(xl‘g)l).y)

3 g = [0AED)] u 3 g1 = [0AED)] @)

4: UVt = YVt—1 — 1)Gt—1 4: (vg, hyy €) = Zg (ge-1, -1, c-1) |

5: Ty = Agf (Te-1,vt) 5: T = Agf (x4—1,v1)

6: end for 6: end for
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Numerical experiments

Examplel: a nonlinear deconvolution
»x € R>® andy € R'?
» Training set: Validation set: Test set = 10000:1000:1000

Examples 2: an electrical impedance tomography (EIT) image
reconstruction

»x € R1342 andy € R2%8
» Training set: Validation set: Test set = 400:20:20

Network structures

» LPGD-type: T =20 LPD-type: T = 10, NPrimal= Nprimal—g
» Adam optimizer with cosine annealing

> Training 20 epochs

» Loss function

N
1
o) = Nani(yi; o) — %12
n=1

International Congress on Industrial and Applied Mathematics (ICIAM) | 2023 20




Results

Observation

Ground Truth

Inverse problem:
Given the nonlinear convolution result y viay = a - x'W,x + wix + b, we
want to infer x.
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Results

Observation

| a=10

| LPGD
. ;‘I LPGD-MA 3.21E-02
- \/\/\/ LPGD-RMA 3.23E-02
[ LPGDSW 3.01E-02
LPGDSW-MA  3.02E-02
Ground Truth LPGDSW-RMA  3.01E-02
LPD 2. 69E-02
LPD-MA 2.68E-02
. LPD-RMA 2.67E-02

»

« whena=0,y=0-xW,x +w;x + b, DuNets methods are almost the
same
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Results

Observation
a=1 a=2 a=4
LPGD — — —

’ LPGD-MA 5.37E-02  6.49E-02  7.76E-02
LPGD-RMA 3.56E-02 1.43E-02 {.9TE-02
LPGDSW 4.61E-02  5.88E-02  6.85E-02
LPGDSW-MA 454E-02  5.32E-02  5.78E-02
Ground Truth LPGDSW-RMA 3.80E-02  4.68E-02  5.24E-02
LPD 3.65E-02  4.61E-02  5.17E-02
LPD-MA 3.71E-02  4.65E-02  5.22E-02
LPD-RMA 3.35E-02 4.04E-02 1.33E-02

:i:jc oM 8% 12% 16%

* when a > 0, DuNets-RMA methods outperform other methods
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Results

Observation
6.0 —&— LPD
—o— LPD-MA
55 —— LPD-RMA
55.01
o
=
Was
s
Ground Truth
i 4.0
3.5
i 1 2 5 10 25 50 100
. Data size (%)

* LPD-RMA is considerably more data efficient
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Application: EIT inverse problem

» Mathematical model of EIT
Conductivity equation:
V-(eVu)=0 1inQ
Boundary conditions (known):
Voltages: u =V | 39 (Dirichlet BC)

Currents: GZ_Z = I | 30(Neumann BC)

Dirichlet-to-Neumann (DN) map: A :u | gq = UZ_Z| Q.

» The EIT inverse problem: given known A, , recover o in Q

» We discretize the object domain and define a mapping F representing the
discrete version of the forward operator:
v=F(o)+n
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Results : two circles

LPGDSW
Truth LPGD-RMA -RMA LPD-RMA

= ° ‘ ° e 0

* DuNets-RMA models yield accurate reconstruction for all the inclusions
with different geometry and topology

050

°
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Results: two circles

Observation

Ground Truth

DuNets-RMA models achieve the best performance in all but one case

50 200 400
LPGD — —
6.13E-03 5.17E-03 4.18E-03
LPGD-MA (£ 16.1E-04) (£ 14.1E-04) (& 10.5E-04)
LPGD-RMA 3.02E-03 2.48E-03 2.25E-03
- (£ 1.34E-04) (£ 1.08E-04) (& 1.41E-04)
oy 1.33E-03 2.87E-03 3.07E-03
LPGDSW (£ 13.7E-04) (& 1.15E-04) (4 1.86E-04)
Y 3.81E-03 2.92E-03 2.95E-03
LPGDSW-MA L 3 155.04) (& 1.40E-04) (& L55E-04)
R 3.92E-03 2.65E-03 2.63E-03
LPGDSW-RMA (£ 4.79E-04) (£ 1.99E-04) (& 1.14E-04)
LPD 3.25E-03 2.55E-03 2.351-03
+ 1.87E-04) (+ 1.34E-0 + 2.13E-0
E E-04 E-04
3.29E-03 2.71E-03 2.441-03
LPD-MA (£ 1.09E-04) (& 1.46E-04) (4 1.64E-04)
LPD-RMA 3.11E-03 2.17E-03 2.04E-03

(£ 1.52E-04)

(+ 1.36E-04)

(4 1.80E-04)

(LPGDSW method with 50 training samples)
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Results: two circles

Observation
LPGD LPGDSW LPD
’ with MA baseline 34 baseline
7 with RMA 33 with MA with MA
5.0 with RMA ’ with RMA
) 6 »

- i‘ 45

25 t 2 i0

£, + £..

Ground Truth : ’\,\‘ > .

2 28 18

50 200 400 50 200 400 50 200 400
Number of training samples Number of training samples Number of training samples

* DuNets-RMA scheme has better stability and data efficienc

(ICIAM) | 2023 28

International Congress on Industrial and Applied Mathematics




Results: four circles

LPGDSW
Truth LPGD-RMA -RMA LPD-RMA

* The number of inclusions affects the quality of the reconstructions, slightly
corrupting the identification of the different anomalies.

Observation

g

g

Ground Truth

0350
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Results: four circles

Observation

Ground Truth

two
circles
data size 50 200 400 400
LPGD — — — —

10.3E-03 8.60E-03 7.87TE-03 4.18E-03
LPGD-MA (+ 1.54E-04) (+ 1.45E-04) (+ 1.15E-04) (4 10.5E-04)

LPGD-RMA 7.87TE-03 7.43E-03 6.66E-03 2.25E-03
o (+ 1.46E-04) (£ 1.27E-04) (£ 1.28E-04) (£ 1.41E-04)

. 7.81E-03 6.88E-03 6.69E-03 3.07E-03
LPGDSW (£ 1.07E-04) (£ 2.13E-04) (& 2.39E-04) (+ 1.86E-04)

N 6.96E-03 5.46E-03 5.53E-03 2.95E-03
LPGDSW-MA (& 5.04E-04) (& 2.01E-04) (£ 2.26E-04) (4 1.55E-04)

rr . 6.82E-03 5.16E-03 5.02E-03 2.63E-03
LPGDSW-RMA (+ 3.42E-04) (& 2.26E-04) (&£ 2.15E-04) (+ 1.14E-04)

LPD 6.66E-03 5.46-03 5.10E-03 2.35E-03
(£ 2.72E-04) (£ 1.90E-04) (% 1.71E-04) (+ 2.13E-04)

LPD-MA 6.32E-03 5.49E-03 5.18E-03 2.44E-03
) (+ 1.95E-04) (£ 1.63E-04) (4 1.86E-04) (£ 1.64E-04)

6.01E-03 5.13E-03 1.93E-03 2.04E-03
LPD-RMA (£ 1.60E-04) (% 1.91E-04) (+ 1.49E-04) (£ 1.89E-04)

* DuNets-RMA models achieve the best performance in all cases

30
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Results: two circles

Observation
12 2.0 7.0
with MA baseline baseline
with RMA 85 with MA with MA
1 50 with RMA i with RMA
L
10 75 -
7 7 i
3 370 S
S 4 ) 2
fnl * 65 Il
= = =
8 i 6.0
5.5
Ground Truth 7 \,\, 50
50 200 400 50 200 400 50 200 400
Number of training samples Number of training samples Number of training samples

* DuNets-RMA scheme has better stability and data efficiency
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Summary

»We develop a new deep unrolling networks incorporating recurrent
momentum acceleration for solving nonlinear inverse problem more
accurate

» Future research direction
- theoretical analysis, such as convergence
- design an unrolling structure based on PDE's theoretical properties

» Check our paper for more

Zhou, Q., Qian, J., Tang, J., & Li, J. (2023). Deep Unrolling Networks with Recurrent
Momentum Acceleration for Nonlinear Inverse Problems.
https://arxiv.org/abs/2307.16120
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https://arxiv.org/abs/2307.16120
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